On the nullity of graphs with pendant trees  by Gong, Shi-Cai et al.
Linear Algebra and its Applications 433 (2010) 1374–1380
Contents lists available at ScienceDirect
Linear Algebra and its Applications
j ourna l homepage: www.e lsev ie r .com/ loca te / laa
On the nullity of graphs with pendant trees
Shi-Cai Gong a,b, Yi-Zheng Fan a,∗, Zhi-Xiang Yin b
a School of Mathematical Sciences, Anhui University, Hefei 230039, PR China
b School of Science, Anhui University of Science and Technology, Huainan 232001, PR China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 22 October 2007
Accepted 17 May 2010
Available online 17 June 2010
Submitted by S. Kirkland
AMS classiﬁcation:
05C50
15A18
Keywords:
Graph
Unicyclic graph
Adjacency matrix
Nullity
The nullity of a graph is deﬁned as themultiplicity of the eigenvalue
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of such graph in terms of that of its subgraphs. As an application of
our results, we characterize unicyclic graphs with a given nullity.
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1. Introduction
Let G = (V, E) be a simple graph of order n with vertex set V = V(G) = {v1, v2, . . . , vn} and edge
set E = E(G). The adjacencymatrix A = A(G) = (aij)n×n of G is deﬁned as follows: aij = 1 if the vertex
vi is adjacent to vj , and aij = 0 otherwise. The nullity of the graphG, denoted byη(G), is themultiplicity
of the eigenvalue zero in the spectrum of A(G). The graph G is called singular (or nonsingular) if A(G)
is singular or η(G) > 0 (or A(G) is nonsingular or η(G) = 0).
It is known that 0 η(G) n − 2 if G contains at least one edge. Collatz and Sinogowitz [2] ﬁrst
posed the problem of characterizing nonsingular or singular graphs. If G is bipartite and η(G) > 0,
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then, as shown in [10], the alternant hydrocarbon corresponding to G is unstable. The problem is also
of interest in mathematics itself, as it is closely related to the minimum rank problem of symmetric
matrices whose patterns are described by graphs, see e.g. [4].
Much attention has been devoted to graphs with few edges, e.g. trees, unicyclic graphs, bicyclic
graphs. The nullity of a tree can be expressed in an explicit form in terms of matching number [2]. Tan
and Liu [14] gave the nullity set of unicyclic graphs and characterized the unicyclic graphs with maxi-
mum nullity. Hu et al. [7] gave the nullity set of bicyclic graphs and characterized the bicyclic graphs
with extremal nullity. In addition, Nath and Sarma [11] presented another version of characterization
of an acyclic or unicyclic graph to be singular. In more general cases, Chen and Liu [1] considered the
extreme nullity of graphs with ﬁxed order, and discussed the maximal nullity of graphs with ﬁxed
order and ﬁxed number of edges. Li [8] investigated the nullity of graphs with pendant vertices. Fan
and Qian [5] characterized the bipartite graphs with second largest nullity and the regular bipartite
graphs with third largest nullity. Other work on nullity of graphs can be found in [6,12,13].
The following result is often cited in work related to nullity of graphs.
Lemma 1.1 ([3]). Let G be a graph containing a pendant vertex, and let H be the induced subgraph of G
obtained by deleting the pendant vertex together with the vertex adjacent to it. Then
η(G) = η(H). (1.1)
Observe that the graph G in Lemma 1.1 can be constructed from two disjoint induced subgraphs of
G: a path P2 consisting of the pendant vertex and its adjacent vertex, andH = G − P2, by adding some
edges between one endpoint of P2 and some vertices of H. As η(P2) = 0, Eq. (1.1) can be rewritten as
η(G) = η(P2) + η(G − P2). (1.2)
We wonder whether Eq. (1.2) holds if P2 is replaced by other graphs or particularly trees. We give the
following notion of k-joining graph.
Deﬁnition 1.2. Let G1 be a graph containing a vertex u, and let G2 be a graph of order n that is disjoint
from G1. For 1 k n, the k-joining graph of G1 and G2 with respect to u, denoted by G1(u) k G2, is
obtained from G1 ∪ G2 by joining u and arbitrary k vertices of G2.
Note that in above deﬁnition, the graph G1(u) k G2 is indeﬁnite in some extent, and there are in
fact
(
n
k
)
such graphs. In addition, if G1 is a tree, then G1 is called a pendant tree of G1(u) k G2, and
G1(u) k G2 is said a graph with pendant tree.
In this paper we generalize Lemma 1.1 to k-joining graphs with pendant trees. As an application of
our results, we characterize unicyclic graphs with a given nullity.
2. Preliminaries
We ﬁrst introduce some concepts and notations. Let G = (V, E) be a simple graph. The graph G is
said acyclic (respectively, unicyclic) if it contains no cycles (respectively, contains exactly one cycle).
Denote by G − U, where U ⊆ V(G), the graph obtained from G by removing the vertices of U together
with all edges incident to them. Sometimes we use the notation G − G1 instead of G − V(G1), where
G1 is a subgraph of G. The degree of a vertex v of G is denoted by dG(v). A vertex of G is called pendant
if it has degree one, and is called quasi-pendant if it is adjacent to a pendant vertex.
An edge subset M ⊆ E is called a matching of G if no two edges of M share a common vertex. A
matching M is called maximum in G if it has maximum cardinality among all matchings of G, and is
called perfect if every vertex ofG is incidentwith (exactly) one edge inM. Obviously, a perfectmatching
is a maximummatching. The cardinality of a maximummatching is called thematching number of G,
denoted by μ(G).
The union of two disjoint graphs G1 = (V1, E1) and G2 = (V2, E2), denoted by G1 ⊕ G2, is the graph
with vertex set V1 ∪ V2 and edge set E1 ∪ E2. Denote by Kn, K1,n−1, Cn a complete graph, a star and a
cycle all of order n, respectively.
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Fig. 2.1. A tree with matched or mismatched vertices marked.
The following known results are needed in this paper.
Lemma 2.1 ([3]). Let G = G1 ⊕ G2 ⊕ · · · ⊕ Gt . Then η(G) = ∑ti=1 η(Gi).
Lemma 2.2 ([3]). Let Tbe a tree of order n. Then η(T) = n − 2μ(T).
From Lemmas 2.1 and 2.2 we have the following result immediately.
Corollary 2.3. Let G be an acyclic graph of order n. Then η(G) = n − 2μ(G).
Lemma 2.4 ([3]). If n = 0(mod4), then η(Cn) = 2; otherwise, η(Cn) = 0.
By Lemma 2.2, a tree with nullity zero surely has a perfect matching, so it is also called a PM-tree
(abbreviated for perfect matching tree). For a tree T on at least two vertices, a vertex v ∈ T is called
mismatched in T if there exists amaximummatchingM of T that does not cover v; otherwise, v is called
matched in T . If a tree consists of only one vertex, then this vertex is considered mismatched.
Example 2.5. Let T be a tree on 11 vertices drawn in Fig. 2.1. All matched vertices (solid circle) and all
mismatched vertices (hollow circle) of T are marked out in the ﬁgure.
We now derive some properties of matched or mismatched vertices of a tree, which will be useful
in the following discussion.
Lemma 2.6. Let T be a tree containing a vertex v. The following are equivalent:
(1) v is mismatched in T;
(2) μ(T − v) = μ(T);
(3) η(T − v) = η(T) − 1.
Proof. If v is mismatched in T , there exists a maximummatchingM of T that does not cover v. ThenM
is also a maximummatching of T − v, and hence μ(T − v) = μ(T). Conversely, if μ(T − v) = μ(T),
then a maximum matching of T − v will also be a maximum matching of T but not covering v, and
hence v is mismatched in T . So the assertions (1) and (2) are equivalent. The equivalence of (2) and (3)
are obtained directly by Lemma 2.2 and Corollary 2.3. 
Lemma 2.7. If v is a quasi-pendant vertex of a tree T, then v is matched in T .
Proof. On the contrary, assume that v is mismatched in T , i.e., there exists a maximum matching M
of T such that v is not covered by M. Hence, the pendant vertex u, which is adjacent to v, is also not
covered byM. NowM ∪ {uv}is a matching of T but with a larger cardinality, a contradiction. 
Lemma 2.8. If v is a mismatched vertex of a tree T, then for any neighbor u of v, u is matched in T, and is
also matched in the component of T − v that contains u.
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Fig. 2.2. Illustration of Lemma 2.8.
Proof. If dT (v) = 1, i.e., v is a pendant vertex, then v has a unique neighbor u, which is a quasi-pendant
vertex of T . By Lemma 2.7, u is matched in T . Noting that T − v is still a tree containing u, if u is not
matched in T − v, then by Lemma 2.6, μ(T) = μ(T − v) = μ(T − v − u), a contradiction.
Now suppose dT (v) 2 and let u be an arbitrary neighbor of v. Then T − v contains one component
T1 containing u, and the remaining components consisting of a graph T2 = (T − v) − T1, see Fig. 2.2.
As v is mismatched, by Lemma 2.6,μ(T) = μ(T − v) = μ(T1) + μ(T2). Denoting T2 + v := T − T1,
we have
μ(T2) = μ(T2 + v); (2.1)
otherwise μ(T2 + v) > μ(T2) and then T has a matching with cardinality μ(T2 + v) + μ(T1) >
μ(T).
As v is not quasi-pendant by Lemma 2.7, u is not pendant, i.e. dT (u) 2. If u is mismatched, then by
a similar discussion to Eq. (2.1),
μ(T1 − u) = μ(T1). (2.2)
Soμ(T) = μ(T1 − u) + μ(T2) = μ(T − u − v), a contradiction. Henceu ismatched in T . Fromabove
discussion, Eq. (2.2)doesnothold. Soμ(T1 − u) < μ(T1)and thusbyLemma2.6u ismatched inT1. 
Finally, by means of vectors we give another characterization of mismatched vertices of a tree. Let
T be a tree containing a vertex v, and let A(T) be the adjacency matrix of T . Denote by A(T)[v] the
column vector of A(T) corresponding to the vertex v, and by A(T)(v) the submatrix of A(T) only by
deleting the column corresponding to v. Denote by r(M) the rank of a matrixM.
Corollary 2.9. Let T be a tree containing a vertex v. Then v is mismatched in T if and only if the vector
A(T)[v] is a linear combination of the column vectors of A(T)(v).
Proof. If v is mismatched in T , then by Lemma 2.6 η(T) = η(T − v) + 1, and thus r(A(T)) = r(A(T −
v)). As A(T) is symmetric, we have r(A(T)) = r(A(T)(v)). Hence A(T)[v] is a linear combination of the
column vectors of A(T)(v).
Conversely, if A(T)[v] is linear combination of the column vectors of A(T)(v), then r(A) = r(A(T −
v)), and hence η(T) = η(T − v) + 1. So v is mismatched by Lemma 2.6. 
3. Nullity of graphs with pendant trees
In this section we will generalize Lemma 1.1 to graphs with pendant trees.
Theorem 3.1. Let T be a tree with a matched vertex u and let G be a graph of order n. Then for each integer
k(1 k n),
η(T(u) k G) = η(T) + η(G).
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Proof. We prove the result by induction on the matching number μ(T). Note that μ(T) ≥ 1 as u is
matched in T . Ifμ(T) = 1, then, by Lemma2.2, T contains p + 2 vertices and T is the starK1,p+1, where
p = η(T). Therefore, u is the unique quasi-pendant vertex of T . Suppose v is a pendant vertex of T that
is adjacent to u. Then by Lemma 1.1
η(T(u) k G) = η((T(u) k G) − v − u) = η(pK1 + G) = p + η(G) = η(T) + η(G),
where pK1 denotes the graph consisting of p isolated vertices.
Suppose the assertion holds for any tree T with μ(T) t (t  1). Now we consider a tree T with
μ(T) = t + 1 2. Asμ(T) 2,wemay assume that T contains a pendant vertex v and aquasi-pendant
vertex w adjacent to v, where v, w are both different to u. Let T1 = T − v − w. Then μ(T1) = t and
η(T1) = η(T)byLemma1.1. Inaddition,u is alsomatched inT1. ByLemma1.1andby induction,wehave
η(T(u) k G)=η(T(u) k G − v − w) = η(T1(u) k G) = η(G) + η(T1)
=η(G) + η(T). 
Noting that eachvertexof a PM-tree ismatched, byTheorem3.1 andLemma2.2weget the following
result.
Corollary 3.2. Let T be a PM-tree and G be a graph of order n. Then for each integer k (1 k n) and for
every vertex u ∈ T,
η(T(u) k G) = η(G).
For a null graph (without vertices) we deﬁne its nullity to be zero.
Theorem 3.3. Let T be a tree with a mismatched vertex u and let G be a graph of order n. Then for each
integer k(1 k n),
η(T(u) k G) = η(T − u) + η(G + u) = η(T) + η(G + u) − 1,
where G + u is the subgraph of T(u) k G induced by the vertices of G and u.
Proof. In the tree T , assume that u1, u2, . . . , um(m 1) are all neighbors of u, and T1, T2, . . . , Tm are
the components of T − u that contain the vertices u1, u2, . . . , um, respectively. By Lemma 2.8, every
vertex ui is matched in Ti for i = 1, 2, . . . , m. Then
T(u) k G = T1(u1) 1 (T(u) k G − T1)
= T1(u1) 1
[
T2(u2) 1 (T(u) k G − ⊕2i=1Ti)
]
= · · ·
= T1(u1) 1
[
T2(u2) 1 · · · 1
[
Tm(um) 1 (T(u) k G − ⊕mi=1Ti)
]]
= T1(u1) 1
[
T2(u2) 1 · · · 1
[
Tm(um) 1 (G + u)
]]
.
Applying Theorem 3.1 repeatedly, we have
η(T(u) k G) = η
(
T1(u1) 1
[
T2(u2) 1 · · · 1
[
Tm(um) 1 (G + u)
]])
= η(T1) + η
(
T2(u2) 1 · · · 1
[
Tm(um) 1 (G + u)
])
= · · ·
=
m−1∑
i=1
η(Ti) + η
(
Tm(um) 1 (G + u)
)
=
m∑
i=1
η(Ti) + η(G + u).
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As u is mismatched in the tree T , by Lemmas 2.1 and 2.6,
∑m
i=1 η(Ti) = η(T − u) = η(T) − 1. The
result follows. 
Let G be a connected graph that contains cycles. Assume that G contains a pendant vertex, say u. In
the graph G, consider a tree T containing uwith maximum possible edges, such that the edges in E(T)
shares only one common vertex, say v, with the edges in E(G) − E(T). Note that v is a cut vertex of G,
and dG(v) := k 3. Thus for some positive integer l k − 1,
G = T(v) l (G − T).
If v is matched in T , then by Theorem 3.1
η(G) = η(T) + η(G − T); (3.1)
otherwise, by Theorem 3.3
η(G) = η(T − v) + η(G − (T − v)) = η(T) + η(G − (T − v)) − 1. (3.2)
So, for a graph with pendant vertices, it must contains pendant trees; and then by Eqs. (3.1) and (3.2),
the nullity of the graph can be expressed by that of its small subgraphs.
Example 3.4. Let G1 be a graph on vertices v1, v2, . . . , vn, and let G be the graph obtained from G1 by
identifying each vi with a vertex of an arbitrary PM-tree for i = 1, 2, . . . , t(1 t < n), and joining vj to
a vertex of an arbitrary PM-tree for j = t + 1, . . . , n. Let U = {vt+1, vt+2, . . . , vn}. Then applying Eqs.
(3.1) and (3.2) repeatedly we get η(G) = η(G1[U]).
4. Unicyclic graphs with a given nullity
In this section, we always deal with connected unicyclic graphs. Let G be a unicyclic graph and let
C be the unique cycle of G. For each vertex v ∈ C, denote by G{v} an induced connected subgraph of G
with maximum possible of vertices, which contains the vertex v and contains no other vertices of C.
One can ﬁnd that G{v} is a tree and G is obtained by identifying the vertex v of G{v} with the vertex v
on C for all vertices v ∈ C. The unicyclic graph G is said of Type I if there exists a vertex v on the cycle
such that v is matched in G{v}; otherwise, G is said of Type II.
IfG is of Type I, thenG = G{v}(v) 2 (G − G{v}) for somematched vertex v ofG{v}, whereG{v}(v)
and G − G{v} are both nontrivial trees (on at least two vertices). Thus, by Theorem 3.1,
η(G) = η(G{v}) + η(G − G{v}).
If G is of Type II and G is not a cycle, then by Lemma 2.8, for each vertex v on the cycle such that
G{v} contains vertices other than v, every neighbor of v in G{v}(v) is matched in the component of
G{v}(v) − v that contains the neighbor. Note that G{v}(v) − vmay be a forest but each component of
the forest contains at least two vertices by Lemma 2.7. By Theorem 3.3,
η(G) = η(G{v} − v) + η((G − G{v}) + v).
Applying Theorem 3.3 repeatedly, we have
η(G) = ∑
v∈C
η(G{v} − v) + η(C) = η(G − C) + η(C).
By the above discussion, we get the following result immediately.
Theorem 4.1. Let G be a unicyclic graph and let C be the cycle of G. If G is of Type I and let v ∈ C bematched
in G{v}, then
η(G) = η(G{v}) + η(G − G{v}).
If G is of Type II, then
η(G) = η(G − C) + η(C).
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By Lemma 2.4 and Theorem 4.1, we now characterize the unicyclic graphs with a given nullity.
Corollary 4.2. Let G be a unicyclic graph with η(G) = k, and let Cl be the cycle of G. If G is of Type I and
let v ∈ Cl be matched in G{v}, then η(G{v}) + η(G − G{v}) = k. If G is of Type II and l = 0(mod4), then
η(G − Cl) = k − 2; otherwise, η(G − Cl) = k.
Tan and Liu [14] have proved the nullity set of unicyclic graphs of order n consists of the nonnegative
integers from 0 to n − 4. They characterized the unicyclic graphswithmaximumnullity, and posed an
open problem on characterizing the unicyclic graphs with minimum nullity or nonsingular unicyclic
graphs, which was ﬁnally solved by Li and Chang [9]. At the last part of this section, we simply remark
that these results can also be proven by considering matched and mismatched vertices.
For a nonsingular unicyclic graph G, if G is of type I, then G = G{v}(v) 2 (G − G{v}) for some
vertex v ∈ Cmatched inG{v}. ByCorollary4.2,η(G{v}) = η(G − G{v}) = 0, andhenceG{v}, G − G{v}
are both PM-trees by Lemma 2.2. If G is of Type II, letting Cl be the cycle of G, by Corollary 4.2, l /=
0(mod4) and η(G − Cl) = 0 which implies G = Cl , or G − Cl is a union of disjoint PM-trees. So G can
be characterized by considering the joining of two graphs as described above.
For a unicyclic graph G of order n( 5) with nullity n − 4, letting Cl be the cycle of G, as n 5,
by Lemma 2.4 we ﬁnd G /= Cl . If G is of type I, then G = G{v}(v) 2 (G − G{v}) for some matched
vertex v of G{v}, and η(G) = η(G{v}) + η(G − G{v}) by Theorem 4.1, where G{v}(v) and G − G{v}
are both nontrivial trees of ordern1 andn − n1, respectively. Hence,μ(G{v}) 1 andμ(G − G{v}) 1.
By Lemma 2.2,
η(G) = η(G{v}) + η(G − G{v}) = n1 − 2μ(G{v}) + (n − n1) − 2μ(G − G{v}) n − 4.
So, μ(G{v}) = μ(G − G{v}) = 1, which implies G{v}(v) and G − G{v} are both stars. If G is of type
II, as G /= Cl , by the discussion prior to Theorem 4.1, each component of G − Cl contains at least two
vertices, and hence μ(G − Cl) 1. By Theorem 4.1 and Corollary 2.3,
η(G) = η(G − Cl) + η(Cl) = n − l − 2μ(G − Cl) + η(Cl) = n − 4,
which implies that η(Cl) = l + 2μ(G − Cl) − 4 l − 2 1. So η(Cl) = 2 by Lemma 2.4, and l is a
multiple of 4. Hence l = 4,μ(G − C4) = 1 and then G − C4 is a star. Therefore, G can be characterized
easily by above discussion.
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